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Abstract 



Assuming that the Kobayashi-Maskawa mechanism gives the dom- 
inant contribution to CP violation at low energies, we propose a novel 
way of testing the flavour sector of the Standard Model which has 
the potencial for discovering New Physics. Using 3x3 unitarity of 
the Vckm matrix and choosing a complete set of rephasing invariant 
phases, we derive a set of exact relations in terms of measurable quan- 
tities, namely moduli of Vckm and arguments of rephasing invariant 
. quartets. These tests complement the usual analysis in the p, rj plane 

Q_i| and, if there is New Physics, may reveal its source. 

-p. ■ 1 Introduction 

> : 

^ . The advent of various B-factories has triggered an important development 

in the study of CP violation, with both BaBar (SLAC) @] and Belle (KEK) 
providing for the first time evidence for CP violation outside the Kaon 
system. This new data and its expected improvement in the near future ||, 
@) 0) 0) wn l provide a stringent test of one of the experimentally least 
constrained aspects of the Standard Model (SM), namely the Kobayashi- 
Maskawa (KM) mechanism of CP violation. 

So far, all experimental data on flavour physics and CP violation [^], || 
are in agreement with the SM and its KM mechanism. This agreement 
is remarkable, since one has to account for a large number of data with a 
small number of parameters. The Cabibbo, Kobayashi and Maskawa (CKM) 
matrix is characterized by four parameters which one can choose to be three 
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angles 9% and the phase 5 of the standard parametrization ||. The values of 
Sx, s 2 and s 3 ( Sj = sin^ ) can be determined by the experimental value of 
| V^j S |, | V c b | and \V u b\. Once these parameters are fixed, one has to fit, using 
only the phase 5, a large amount of data, including e K , e'/e, sin (2/3), AM Bd , 
AMb s ■ It is remarkable that these five experimental quantities can be fitted 
with only one parameter [1Q|, namely the KM phase S. 



In this paper, we address the question of finding the best strategy to per- 
form precision tests of the SM mechanism of flavour mixing and CP violation, 
while at the same time searching for the presence of New Physics. 

In view of the impressive success of the SM, one may wonder what is 
the motivation to look for Physics Beyond the SM. In what concerns CP 
violation, there are in our opinion, two main motivations to look for New 
Physics and in particular new sources of CP violation: 

(i) By now, it has been established that the strength of CP violation in 
the SM is not sufficient to generate the observed Baryon Asymmetry 
in the Universe (BAU), thus suggesting the need for new sources of CP 
violation. 

(ii) Almost all extensions of the SM, including supersymmetric extensions, 
have new sources of CP violation which can in principle be detected at 
B-factories. 

Throughout the paper, we will assume that the tree level weak decays 
are dominated by the SM W-exchange diagrams, thus implying that the 
extraction of \V US \, \V u b\ and \V c b\ from experiment continues to be valid even 
in the presence of New Physics (NP). We will allow for contributions from NP 
in processes like B d — B d mixing and B° s — B s mixing, as well as in penguin 
diagrams. Since the SM contributes to these processes only at loop level, the 
effects of NP are more likely to be detectable. Examples of processes which 
are sensitive to NP, are the CP asymmetries corresponding to the decays 
B° d — > J/^>K S and B° d — > 7r + 7r~ which are affected by NP contributions to 
B d — B d mixing. Significant contributions to B d — B d and B® — B s mixing can 
arise in many of the extensions of the SM, such as models with vector-like 
quarks [|ll|], fT2| and supersymmetric extensions of the SM [ 13| . Vector- 



like quarks naturally arise in theories with large extra-dimensions |T^], as 
well as in some grand-unified theories like Eq. The presence of vector-like 
quarks leads to a small deviation of 3 x 3 unitarity of Vckm which in turn 
leads to Z-mediated new contributions to B d — B d and B° s — B s mixings. 
In the minimal Supersymmetric Standard Model (MSSM) the size of SUSY 
contributions to B d — B d and B® — B s mixing crucially depends on the 
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choice of soft-breaking terms, but there is a wide range of the parameter 
space where SUSY contributions can be significant. Recently, it has been 
pointed out |I5| that in the context of SUSY SO(10), there is an interesting 
connection between the observed large mixing in atmospheric neutrinos and 
the size of the SUSY contribution to B® — B s mixing, which is expected to 
be large in this class of models. 

The standard way of testing the compatibility of the SM with the existing 
data consists of adopting the Wolfenstein parametrization and plotting in the 
p, rj plane the constraints derived from various experimental inputs, like the 
value of Ski the size of |T4&| / |Vd>|, the value of aj/^K s , as well as the strength 
of B® — ~B° d and B® — T^ s mixings. The challenge for the SM is then to find a 
region in the p, rj plane where all the constraints are simultaneously satisfied. 

In this paper, we will choose a complete set of rephasing invariant phases 
and use 3x3 unitarity of Vqkm to derive a set of exact relations written 
in terms of measurable quantities, namely moduli of Vckm and arguments 
of rephasing invariant quartets. We will point out that these exact relations 
can play an important role in complementing the standard analysis in the 
p, t] plane. Since all relations are exact and written in terms of measurable 
quantities, they are particularly suited to perform precise tests of the SM. 
Apart from providing stringent tests of the SM, these exact relations can be 
useful in finding the nature of NP. Let us assume that the presence of NP is 
established by the impossibility of finding a region in the p, rj plane where all 
experimental data can be fitted, within the SM. This will not indicate which 
one of the measurements of the angles or the sides of the unitarity triangle 
were affected by the presence of NP. The knowledge of which of the exact 
relations are violated by the data may be useful for discovering the source of 
NP. By assuming a certain level of precision in future data arising from the 
various B-factories, we estimate the power of these exact relations in either 
putting bounds on the the strength of NP or in revealing its presence. 



2 Choice of Rephasing Invariant phases 

By using the freedom to rephase quark fields, one can readily show that 
in the 3x3 sector of a CKM matrix of arbitrary size there are only four 
independent rephasing invariant phases. Note that this result is completely 
general, it does not depend on the number of generations and holds true 
even if the CKM matrix is not unitary H. The number four, is obtained by 
observing that in the 3x3 sector of a CKM matrix there are, obviously, nine 
phases, and five of them can be removed by rephasing quark fields. We will 
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choose the following rephasing invariant phases: 

7 = arg(-V ud V cb V: b V c * d ) = arg 
P = arg(-V cd V tb V; b V t * d ) = arg 
X = &rg(-V cb V ts V*V t l) = arg 

X' = a rg(-V us V cd V: d V; s ) = arg 



v cd v c * b . 

Vt b V* 3 



Notice that x is frequently denoted in the literature as j3 s and x' as Pk- ^ is 
important to stress that since these phases are rephasing invariant quantities, 
they correspond to physical observables. If one assumes 3x3 unitarity of 
Vckm, it has been shown that one can reconstruct the full CKM matrix, using 



the above four rephasing invariant phases as input [fl6 j . At this stage, the 



following comment is in order. Having in mind that it has also been shown 



T7| that one can reconstruct the full CKM matrix from four independent 
moduli, one may test the SM by comparing the unitarity triangles obtained 
from the measurement of the four independent phases 7, P, Xi x' with the 
unitary triangles obtained from the knowledge of four independent moduli, 
which can be chosen to be \V US \, \V cb \, \V ub \, \V t d\- Although such a test is 
possible in theory, its practical interest is limited by the fact that at least one 
of the phases, namely x' 1 is probably too small to be measurable through B 
decays and furthermore the extraction of \Vtd\ and \V ub \ from experiment is 
plagued by hadronic uncertainties. Obviously, within the framework of the 
SM, x' can be obtained from the experimental value of Ek, but its extraction 
also suffers from hadronic uncertainties. 

In order to fix the invariant phases entering in B° CP asymmetries, it is 
useful to adopt the following phase convention, J/J: 



arg(F) = vr (2) 




Through the measurement of CP asymmetries, one can obtain the phases of 
the rephasing invariant quantities: 



A ?' = ( B ) I -TT^TT I ^ = ( ) I -JJSf^t 1 <3> 

The first factor in A^r is due to mixing and its phase equals (—2/5) and 2% for 
B d and B s , respectively. Later on, we will assume that NP can give contri- 
butions to mixing. Then, it is useful to parametrize these NP contributions 
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in the following way 



M[f = (M<?) ^ AM Bq = (AM B f M rl (4) 

^ = exp (iaxg(M$) ) = I ^ ) e 2 ^ (5) 
Pb 9 \ V / / VPb,/ 

In the presence of NP, the phases from mixing become 2(— (3 + <f> d ) = —2/3 
and 2(x + s ) = 2% for B d and 5 S decays, respectively. It is clear that r q ^ 1 
and/or </> g 7^ would signal the presence of NP. How could one measure f3 
without contamination of NP? One possibility would be to measure (3 through 
the t-quark contribution to the b — > d penguin, since this contribution is 
proportional to VtbV t * d , which in our phase convention is (3. Unfortunately, 
this is not possible |20| without theoretical input about hadronic parameters 



which involve large uncertainties. This is essentially due to the fact that the 
b — > d penguin receives significant u and c quark contributions. Concerning 
X, in general, the existence of NP contributions to mixing in the B s system 
would no longer lead to a zero asymmetry, as predicted in the framework 
of the SM, in the B s decay dominated by the b — > s penguin such as 
B s — > <f)f]'. In this deviation from zero in this asymmetry would 

be a clear indication of NP also implying that the CP asymmetry in the 
channel B s — > D S D S will measure directly a x which may differ from x- The 
difficulty of separating (3 from a possible NP contribution (p d in B° d decays 
like B° d — > J/^K S , renders specially important the measurement of 7, which 
does not suffer from contamination of NP in the mixing. Note that 7 can 



be either directly measured [TJ[] or obtained through the knowledge of the 



asymmetries aj/q, Ka = Im ^A^^J, a^+ n - = Im (^+ n -J- Indeed the phase 
(fi d cancels in the sum a + (3 = (tt — 7 — (3 + 4> d ) + {(3 — 4> d ) and one has: 

7 = 7r — - [arcsin aj/^ Ks + arcsin a T + r ] (6) 

Note that we are using a n + n - = sin(2a) that can be extracted from the 
experimental asymmetry through various different approaches [|IIJ. Once 7 
is known, (3 can be readily obtained, using unitarity and the knowledge of 
\Vub\, \V US \, \V c b\. The knowledge of f3, together with aj/^K a leads then to the 
determination of <p d . Of course, this evaluation of 4> d will be restricted by 
the precision on \V u b\, since |V^ S |, \V c b\ are extracted from experiment with 
good accuracy. Similar considerations apply to the extraction of r d , r s or 
r d /r s from AM Bd and AM Bs where |V^Vf&|, IV^V^I or its ratio, have to be 
reconstructed previously using unitarity. 
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K-M 


P 


7 


X 


x 1 


a = 7r — (3 — 7 


N-P 


P = P-<P d 


7 


X = X + <f> s 


x' 


a = a + <p d 



Table 1: Phases that can be measured in different scenarios 



In Table 1 we summarize the phases that can be measured from CP 
asymmetries both in the KM scheme or in the case of New Physics in the 
mixing. For example, (3 is the phase measured through aj/^K s1 i.e., (3 = 
(1/2) arcsin aj/^, Kg . 

3 Precision Tests of the SM and search for 
New Physics 

In this section, we derive a complete set of exact relations involving moduli 
of Vckm an d the four rephasing invariant phases of Eq.([I|) adopting the 
phase convention of Eq.(^). From the six unitarity relations corresponding to 
orthogonality of different rows and of different columns of Vckm one obtains: 

(7) 



(uc) 


sin x' 


\V u b\ \ Vcb 


- sin 7 


(ut) 


\v ud \ 


V td \ sin/5 - 


v us \ \V ts \ 


(ct) 


sinx 


\V U \ \V cd \ 
\V U \ \V CS \ 


sin (3 


(db) 


\v ub \ 


_ sin/5 \V t b 




\Vtd\ 


sin 7 \ V ud 





(9) 
(10) 



(ds) sinx' = | sin(/3 + x) (H) 

\Vud\ \Vus\ 

(sb) , ?* X s = lKb j (12) 



sin(7 + x') \Vts\\V t 



tb\ 



where, in parenthesis, we have indicated the corresponding rows and columns. 
There are additional relations which can be readily obtained either by or- 
thogonality or by applying the law of sines to the corresponding unitarity 



6 



triangles, such as: 



(db) 
{db) 
(sb) 



IK 



ub 



\v cd \ 


\v cb 


sin (3 




v ud 


sin(7 + (3) 



IK 



td\ 



smx 



\Vcd 




v cb 


sin 7 






sin(7 + (3) 



\v us \ 


v ub \ 


\Vcs\ 


v cb \ 


1 by 


\Vts\ 



sin(-x + x' + l) 



(13) 
(14) 
(15) 



and columns one obtains 

sin 7 



w, 



cd 



sin( 7 + /3) \V t 



tb\ 



2 2 sin (3 \V tb 
1 + r — r 



sin 2 7 |Kd| 2 



(16) 



where r = jl^dl / \ Vts\- Using Eqs.( 
conditions, one obtains: 



and (|10D , together with normalization 



sin(x — x') — r sin f3- 



\V US \ 


\ \Vcbf 


\v ud \ 


W I 2 

| ' us | 



(17) 



\v us \ 


\Vcd\ 


\v cb 


sin (3 sin (7 + x') 


\Vts\ 


\Vtb\ 


\v ud \ 


sin(7 + (3) 



Another interesting relation is obtained by combining Eq. ([l2|) with Eq.([l3" 
leading to: 



smx 



Since the above formulae have the potential of providing precise tests of the 
SM, we have opted for writing exact relations. However, it is obvious that 
given the experimental knowledge on the size of the various moduli of the 
CKM matrix elements, some of the above relations can be, to an excellent 
approximation, substituted by simpler ones. For example, Eq.flTBD is the 
exact version of the Aleksan-London-Kayser relation ||16|| , the importance of 
which has been emphasized by Silva and Wolfenstein ETJ : 



smx 



\V US \ sin (3 sin 7 



Similarly Eq.( 



\V ud \ 2 sin( 7 + (3) 
can be well approximated by: 

IK, 



(19) 



smx 



, us\ . 

~ r— — r sm [3 



w, 



ud 



(20) 
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and Eqs.fll4|) and (|TJ) lead, respectively to: 



r 

sinx 

At this stage, the following comments are in order: 

(i) Eq.([7|) would provide an excellent test of the SM if the phase x' could 
be measured without hadronic uncertainties. As previously mentioned, 
X 1 can be obtained from the knowledge of Ek, but its extraction suf- 
fers from hadronic uncertainties in f^B^. Note that all quantities 
in Eq.(^) are immune to the presence of New Physics in B d — B d and 
B° s — B s mixings. 

(ii) Eq.(|9p and its approximate form Eq.(|20|) would provide an excellent test 
of the SM, once Xi r an d (3 are measured. Note that the theoretical 
errors in extracting r = \V t d \ / \ Vts\ from B d — B d and B® — B s mixings 
are much smaller than those present in the extraction of \V t d\, \Vt s \. 

(iii) Eq.(p2|) has the important feature of only involving quantities which 
are not sensitive to the possible presence of New Physics in B d — B d 
mixing. It has, of course, the disadvantage of requiring the knowledge 
of \Vub\ with significant precision, in order to be a precise test of the 
SM. 

(iv) Eq.flTtjD in an exact way and Eq. (ETA in an excellent approximation, 
give r in terms of 7 and (3. This relation will provide an important 
test of the SM once r, 7 and (3 are measured. Note that in the SM, 
one knows that r is of order \V US \, the importance of Eq.(|2T|) is that it 
provides the constant of proportionality. 

In the context of the SM the above formulae can also be very useful for a 
precise determination of Vqkm from input data: for example, if (3 and 7 are 
measured with sufficient accuracy, one can use Eqs.(|i"5D, ( |HD to determine 
\V u b\, \Vtd\- One can thus reconstruct the full CKM matrix, using |V^ S |, \V c b\, 
(3 and 7 as input parameters. Furthermore we can also predict the SM value 
for sin2x and sinx'. 

From Eq.(|) we can write 

sm X ^Ri\V^\ 2 sm0 ; fi, = Msg (23) 



ILI^ (21) 
sin (7 + fJ) 



\Vus\ \Vub\ 

\v cb \ 



sin 7 (22) 
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leading to 



0.030 < sin 2 X = sin 2f3 s < 0.045 (24) 



using the present knowledge of the parameters |22] , R t = 0.84 ± 0.08 , 
\V US \ = 0.221 ± 0.002 and (3 = (26.9 ± 5.0) ° . The SM interval for sinx' can 
be obtained from either Eq.(|7]) or Eq. (|Tl"D , its central value is predicted to be 
much smaller than the one of sin \. Although 7 has not yet been measured, 
the allowed interval in the SM is 



7 = (55.4 ± 11.9)° (25) 



Using Eq.fl55]) together with the present values |2]§ \V ch \ = 0.0417 ± 0.0010, 
\V ub \ = (4.05 ± 0.42) x 10~ 3 , we obtain 

5.4 x 10" 4 < sinx' < 8.2 x 10~ 4 (26) 

So far our discussion has been done in the framework of the SM. Let us 
now consider Physics Beyond the SM. There is a large class of extensions of the 
SM in which the CKM matrix remains unitary and therefore the unitarity 
relations previously written in this section are still valid. An important 
example is , of course , the case of supersymmetric extensions of the SM. We 
will assume that New Physics only contributes to one loop processes such 
as B d — B d and B° s — B s mixing, so that the measurement of AM# d and 
AM Bs will not allow us to extract directly the values of |V^V^| and |Vt s Vtb|. 
Furthermore, CP asymmetries will no longer measure the same angles as in 
the framework of the SM. As a result, a naive extraction of the values of 
the sides and angles of the unitarity triangles from input experimental data 
( i.e. assuming the validity of the SM ) will not lead to the correct values Q. 
This implies that although the unitarity relations continue to be valid, the 
presence of NP will simulate violations of the above relations. In the presence 
of NP one may wonder how large the deviations from the SM should be in 
order to be possible to detect them using these unitarity relations. This NP 
scenario is parametrized by Eq.(|J) and the phases entering in each process 
are defined in Table [l]. The magnitudes that will signal NP are <p d , <p s ^ 
and/or r d , r s ^\. 



Extraction of <p d 

From Eq. (|i~3"|) , we see that this unitarity relation can only be affected by 
the presence of <p d , therefore this equation allows for a clean extraction of <p d . 

5 It is interesting to note that the naive extraction of the same parameter through 
different processes affected in a different way by NP may not lead to a unique value, thus 
signalling NP 
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By writing Eq. (p~3|) in terms of f3 and <\> d (note that Im (^fj^ K ^j = sin (2/?)) 
we get 



, ( ,, R u sin (7 + /?) - sin , 

tan = v v ' (27) 

cos (pj — ft u cos (7 + p) 

with 

^ = 7^77 ( 28 ) 

I Vcd\ I Vc&| 

From Eq. (|2"TD , we can find out the bounds that can be reached for (p d , 
once we have a direct measurement of 7. To illustrate the usefulness of 
Eqs.flTBD and (PT|), we will give examples of different sets of assumed data 
which hopefully will be available in the near future. We will assume that 
apart from \ V US \, |V^,|, \V u b\ and /3 also 7 has been measured. We will consider 
three different cases. In the first case (Example 1), we assume data with 
relatively large errors for j3, 7 and \V u b\, leading to a value <fi d with relatively 
large errors and consistent with zero. In the second case (Example 2), we 
assume data with smaller errors, leading to a more precise determination of 
<f) d , but still consistent with zero. This is, of course, the scenario where no 
NP is discovered and strict bounds are set on the strength of NP. Finally 
in the third case (Example 3) we consider again data with small errors but 
leading to a value of (f) d which is not consistent with zero. This is the most 
optimistic scenario, where NP is discovered. For each set of input data we 
depict the corresponding cf) d distribution, generated by means of a toy Monte 
Carlo, with the assumption of Gaussian errors. 

EXAMPLE 1: In our first example we use as input values 

\V US \ = 0.221 ±0.002 IV^I =0.0417 ±0.0010 \V ub \ = (4.05 ± 0.42) x 10~ 3 
P = (26.9 ±5.0)° 7 = (55.4 ± 11.9)° 

(29) 

The corresponding distribution is given by Fig.|l|. We conclude that if we 
assume the present experimental numbers and a poor determination of 7 
(~ 20% error), one obtains <p d = (—2.6 ± 6.0) °, consistent with zero. 

EXAMPLE 2: In our second example we assume a knowledge of j3, 7 
and \V u b\ at the level of (1%), (10%) and (5%), respectively. This level of 
precision is expected in future B factories. In this case we use as input values 

|T4 S | = 0.221 ±0.002 \Vd,\ = 0.0417 ±0.0010 \V ub \ = (4.05 ± 0.21) x 10~ 3 
/? = (25.1 ±0.25)° 7 = (56.6 ±5.6)° 

(30) 
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Figure 1: The (p d distribution in degrees corresponding to EXAMPLE 1, 
consistent with (fi d = 0. 

and the corresponding distribution is given by Fig|| This example leads to 
(p d = (—0.1 ± 1.7) ° which is, once again, consistent with zero. We conclude 
that discovering NP contributing to the phase of B d — B d mixing will be 
possible for values of 4> d of a few degrees. 

Note that for 7+/3 close to 90°, as is the case in our two previous examples, 
the dependence of 4> d on the precise value of 7 + (3 is rather weak so that, in 
these cases, it will be the precision of \V u b\ that will control the final bound 
on (j) d . Obviously, this will no longer be true if 7 + /3 differs significantly from 
90°. 

EXAMPLE 3: So far we have only considered examples leading to <p d 
consistent with zero. Let us now consider an example that would lead to a 
sizeable (fi d . If we replace the values of j3 and 7 in Eq. (|30D by: 

p = (30.0 ±0.3)° 7 = (20 ±5)° (31) 

the resulting <p d distribution is presented in Fig.|3| corresponding to <p d = 
(—16.3 ± 3.2) In this case one would have a clear indication of NP in the 
phase of B d — B d mixing. Note that for this choice of 7 the value of Ek 
would not be saturated by the SM contribution. Therefore in this example 
one would conclude that NP also contributes to Ek- 

Extraction of S 
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Figure 2: The <p d distribution in degrees corresponding to EXAMPLE 2, 
consistent with (p d = 0. 

New Physics in the phase of B® — B° s mixing would be seen through 
Eq.([l^) where all variables except \ (and eventually x' which is too small 
to play any role) can be extract from experiment independently of NP. This 
equation allows for a clean extraction of S f] through the measurement of an 
asymmetry sensitive to % Neglecting x' an d rewriting Eq.fllBD in terms of x 
and 4> s we get 

t^ s ) = ^~ CS -, {l ~ t L (32) 
Ccos( 7 -x) +cosx 



C = ^4^7T ( 33 ) 



with 



Applying the previous procedure to Eq. ( p2|) with the choice of assumed data 
given by \V US \, \V c b\ and \ V u b\ in Eq.p9|) together with 



VJ \Vr 



cb\ 



7 = (56.6 ±5.6)° x= (1-06 ±0.50)° (34) 

we are led to <p s = (0.03 ± 0.51) °, the corresponding Gaussian distribution 
is given by Fig.^. In this example we assumed 7 and x to be known to a 

6 We are assuming that we are not trying to disentangle \ from 4> s with the measurement 
of an asymmetry directly sensitive just to 4> s 
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Figure 3: The <p d distribution in degrees corresponding to EXAMPLE 3, 
pointing clearly to NP. 

precision of 20% and 50% level respectively. We conclude that it will be 
possible to discover NP contributing to the phase of — B s mixing for 
values of <fr s larger than about 1.5°. 

Extraction of r d 

Let us consider the possibility of having r d and/or r s different from 1, 
which would also be a sign of NP. From Eq. (|K]) we get 

sin t 

V td V tb = V ud \V ub \ (35) 
sin p 

With the measurement of (3, 7 and R u the value of <p d can be determined 
from Eq.fl2"7p. As a result one can obtain (3 = (3 — 4> d and use Eq.(^) to 
determine \V t d\ 1Kb I This determination of \Vu\ 1Kb I should be compared to 
the value of \V t d\ |Kb| r d extracted from the experimental value of AM Bd , in 
order to obtain r d . 

From B-factories, CLEO and Tevatron one can expect, as mentioned be- 
fore, significant improvements in the level of precision to which (3 and \V u b\ 
are determined (to 1% and 5% respectively) together with a direct measure- 
ment of 7 with about 10% precision. Therefore, we can expect to have a 
determination of the left hand side (lhs) of Eq.(|3~5"D at the 7% level if the 
central value of 7 does not deviate significantly from the presently allowed 
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Figure 4: The <p s distribution in degrees for the assumed values of 7 = 
(56.6 ± 5.6)° and x — (1-06 ± 0.50)°. Other inputs are the values given in 
Eq.©. 

region within the SM. The largest uncertainty comes from the extraction of 
\Vtd\ I Vtb\ r d from AMs d , which is theoretically limited by the presence of the 

1 /2 

non-perturbative parameter fs d B Bd = (230 ± 34) MeV. With the present 
theoretical knowledge one cannot expect a determination of r d with a pre- 
cision better than 15 — 20%. Future improvement depends on more precise 
lattice results. Similar arguments would apply to the determination of r s 
from the experimental value of AMb s , which will be available in the near 
future. The CP asymmetry in semileptonic B decays also contains correlated 
information about r d and <p d P3"| |, p4| . In fact the present world average 



Asl = (0.2 ± 1.4) x 10~ 2 f25[ allows to put bounds in the r d , <p d plane. In 
spite of the large theoretical uncertainties, in future analysis one should also 
include Asl to check the consistency of the extraction of 4> d and r d . 

Extraction of r d /r s 

Once the B° s mixing parameter x s = AMB a TB a is measured we can di- 
rectly determine |V^| (V^l r\, from the ratio AM^/AM^ requiring the 
knowledge of £ = f Bg B B ^/f Bd B B ^ = 1.16 ± 0.05. The parameter £ is deter- 
mined from lattice calculations and suffers from a much smaller uncertainty 



than each of the terms in the ratio taken separately. In this case Eq.(|T4]) 
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divided by |Vj s | will become very useful in the determination of r d /r s . We 
can rewrite the resulting right hand side (rhs) of Eq . (|14"D , to an excellent 
approximation, by replacing \V cd \ by \V US \, \V tb \ by 1 and (V^l by 



ts 



cb\ 



1 



IK,. 



iv; 



ub 



\v, 



cos 7 



cb\ 



V u . 



leading to 



r=\V td \/\V t 



ts 





v us 


sin 7 


1 + 


v us \ 


['ltii co ^ \ 


v us \ 


sin (7 + (3) 



(36) 



+ 0(A 5 ) (37) 



From this equation together with 



2 T d 



M Bd r Bd 
MbJ B J i 



we obtain 



./ 



,X d M Bs T Bs 



x s M Bd T Bd 
x ( l + \V us 



1/2 



V, 



ub 



cb 



sin (7 + (3) 
I V us I sin 7 

cos 7 - - \V US \ 



where / (0 d ) is given by 



(38) 



(39) 



/ 



COS( 



1 + 



tan< 



tan (7 + 0) 



(40) 



Equation (|3^) is valid to a precision better than 1%. Obviously, / (0 d ) r d /r s = 
1 if there is no NP. The rhs of Eq.(^) will be evaluated from experimental 
data once we have a direct measurement of 7 and x s thus providing a test 
of NP in the ratio r d /r s . Note that <p d can be computed from Eq. (|27D . New 
Physics affecting the moduli of M}| will thus be seen here, provided that 
the relative contribution of NP to each sector is different. 

By taking, as experimental input the same values as in Example 2, given 
by Eq. (p0|) , together withF] x d /x s = 2.63 x 10~ 2 and a Gaussian distribution 
for £ = 1.16 ± 0.05, we have generated the toy Monte Carlo distributions 
for / (0 d ) r d /r s and r d /r s presented in Figs.|| and |6|, respectively. These 

7 For x s we have taken the central value extracted from the other central values. We 
have not included any error for x s /xd consistent with BTeV design since it will be too 
small to play any role. 
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0.6 0.8 1.2 1.4 1.6 1.8 2 

f r d /r, 



Figure 5: Distribution for / (<f> d ) r d /r s for the input values of Eq.(|30|) and 
Xd/xs = 2.63 x 1CT 2 , together with a Gaussian distribution for £ = 1.16±0.05 

distributions are fitted by Gaussians corresponding to / (<f> d ) r d /r s = 0.99 ± 
0.07 and r d /r s = 0.99 ± 0.07 and are almost identical. This is due to the 
fact that the / (<f> d ) distribution resulting from Eq. ( f40"D is quite narrow for 
the cf) d distribuition obtained in this example and represented in Fig.[|. In 
this case the precision in the r d /r s determination is limited to 7%, due to 
the error of 10% assumed for 7 rather than the error assumed for £, which is 
of the order of 5%. Once j3 and x s are measured to the accuracy chosen in 
our example together with 7 to a precision of a few per cent, the extraction 
of r d /r s will then be limited by the theoretical knowledge of £. In Fig. ^ 
we plot the corresponding r d /r s distribution for 7 = (56.6 ± 2.6) °, together 
with the other input values assumed for Fig.|| In this case, r d /r s is very well 
fitted by a Gaussian corresponding to r d /r s = 0.99 ± 0.05. 

4 Discussion and Conclusions 

We have presented a set of exact relations among specific moduli and rephas- 
ing invariant phases of Vckm, which result from 3x3 unitarity of the quark 
mixing matrix. These exact relations provide a stringent precision test of the 
SM, with the potential for revealing New Physics. This is specially true if, on 
the one hand, 7, x s and eventually x are measured in the present or future B 
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0.6 0.8 1 1.2 1.4 1.6 1.8 2 

r„/r. 



Figure 6: Distribution for rd/r s for the input values of Eq.(|30|) and Xd/x s = 
2.63 x 10 _2 , together with a Gaussian distribution for £ = 1.16 ± 0.05 



factories and, on the other hand, there is significant decrease in the theoret- 
ical uncertainties in the evaluation of the relevant hadronic matrix elements. 
These tests may complement the standard analysis in the p, r\ plane, which 
consists of finding a region in that plane where all experimental data are ac- 
commodated by the SM. Discovering NP corresponds to having no region in 
the p, rj plane where all data is accounted for. In this NP scenario, our exact 
relations may be useful in revealing the origin of NP. For example, if there 
are new contributions to <p d in B d — B d mixing, but no NP contributions to 
B° s — B s mixing, Eq.(|TB|) will be violated, leading in general to <p d ^ in 
Eq.(^), while, for example Eq.(^) will still be satisfied. Conversely, if there 
are NP contributions to B® — B s mixing leading to (f) s ^ 0, r s ^ 1, but no 
NP contributing to B° d -B° d mixing, Eq.(jLj) will hold but Eqs.(|20]),(|21])and 
(|22|) will be violated. 

In conclusion, the advent of B-factories offers the possibility of using 
exact relations among moduli and rephasing invariant phases of Vqkm to 
perform precision tests of the SM and hopefully to uncover the presence of 
New Physics. 
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Figure 7: Distribution for r^/r s for 7 = (56.6 ± 2.6) °, and the other input 
values equal to those of Eq . (|30|) , together with Xd/x s = 2.63 x 1CT 2 and a 
Gaussian distribution for £ = 1.16 ± 0.05 
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